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Spontaneous-Emission Rate in Microcavities: Application to Two-Dimensional Photonic Crystals
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We present a simple, efficient procedure to compute the spontaneous-emission rate from short-time
finite-difference time-domain (FDTD) data of the electromagnetic field energy in microcavities of
arbitrary geometry. As an illustration, we apply this procedure to two-dimensional photonic crystals.
For comparison, we calculate the local radiative density of states employing an unconditionally stable
FDTD method, that is without solving the eigenvalue problem and integrating over the (first) Brillouin
zone. We demonstrate that both methods yield the same predictions about the enhancement or suppression
of the spontaneous-emission rate by photonic crystals.
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Spontaneous emission of light is a widely studied phe-
nomenon, both due to its importance in the fundamental
understanding of light-matter interactions and in the appli-
cations, such as, for example, transistors, optical switches,
microlasers, solar cells, etc., which depend on it. Already
in 1946, it was noticed that spontaneous emission can be
controlled with cavity structures [1]. Theoretically, the
spontaneous-emission rate can be obtained from Fermi’s
golden rule containing the local radiative density of states
(LRDOS) [2]. For relatively simple cavity structures, the
modification of the spontaneous-emission rate can be cal-
culated analytically using either a classical [3–8] or a
quantum mechanical approach [9]. It has been shown that
the classical and quantum mechanical results for the spon-
taneous emission are equivalent [3,5,7,8]. This equivalence
allows the calculation of the spontaneous-emission rate
[10–12], the external quantum efficiency [12], and the
spontaneous-emission factor [12,13] in a microcavity of
arbitrary geometry, using a finite-difference time-domain
(FDTD) algorithm [14].

Control of spontaneous emission is also one of the main
applications of photonic crystals (PhCs) [15–17]. It was
suggested that PhCs with a complete photonic band gap
(PBG) allow complete inhibition of spontaneous emission
for frequencies deep inside the PBG [15]. Also PBG ma-
terials that do not possess complete PBGs but pseudogaps
are of interest since they can allow for a substantially
suppressed spontaneous emission. Recent experiments on
the control of spontaneously emitted light in PhCs have
demonstrated the suppression of light emission caused by
the effect of the PBG [16].

In this Letter, we present a simple procedure to deter-
mine the spontaneous-emission rate from short-time FDTD
data of the EM field energy. We validate this procedure by
computing the LRDOS of two-dimensional (2D) PhCs,
employing an unconditionally stable FDTD method
[14,18]. Although this computation is more expensive
than the procedure based on the EM field energy data,
this FDTD based method does not require a solution of
06=96(12)=120401(4)$23.00 12040
the eigenvalue problem nor integrations over the (first)
Brillouin zone (FBZ).

We write the time-dependent Maxwell equations
(TDME) for the EM fields in linear, isotropic, lossless,
nondispersive dielectric materials without electric charges
and magnetic current sources as [18]
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J�r; t� denote the electrical permittivity, the magnetic per-
meability, and an electric current source, respectively, and
r � �x; y; z�T denotes the position vector of a point in
space.

By construction,

h �t�j �t�i �
Z
V
���r�E2�r; t� ���r�H2�r; t��dr; (3)

relating the length of  �t� to the energy density w�r; t� �
��r�E2�r; t� ���r�H2�r; t� of the EM fields. Here V de-
notes the volume of the enclosing box. The energy emitted
by the point source can thus be defined as U�t� �
h �t�j �t�i. The emission rate can be obtained by differen-
tiation of U�t�: P�t� � @U�t�=@t.

As mentioned earlier, the emission properties can also
be investigated by calculating the LRDOS. Here we dem-
onstrate that there is a simple relation between the emitted
energy and the LRDOS. The formal solution of Eq. (1) is
given by

 �t� � etH �0� �
Z t

0
e�t�u�HS�u�du: (4)
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FIG. 1. Photonic band structure diagram of TM modes for a
triangular lattice of air holes drilled in a dielectric medium (� �
13, � � 1). The holes have a diameter d � 0:80a (left) and d �
0:96a (right), where a denotes the lattice constant.

PRL 96, 120401 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
31 MARCH 2006
We assume that the electric current density of a unit point
source located at r � r0 is given by

J �r; t� � n��t���r� r0� sin�t; (5)

where � is the angular frequency of the source and n
defines the direction of the electric current. As indicated
by the step function ��t� in Eq. (5), the source is turned on
at t � 0. Making use of Eqs. (4) and (5) and assuming that
 �r; t � 0� � 0, we find

U�t� � h �t�j �t�i
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where S0 � �0; Ŝ0� and hrjŜ0i � n��r� r0�. The LRDOS
is defined by Nrad�S0;n; !� � ��r0�

�1N�S0;n; !�, where
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denotes the local density of states (LDOS) for frequency !
and direction n at the position r0. We carry out the time
integration in Eq. (6) to obtain

U�t� �
1

�

Z �1
�1

Nrad�S0;n; !�
�

sin2t�!���=2

�!���2

�
sint�!���=2

!��

sint�!���=2

!��
cost�

�
d!:

(8)

In the limit t! 1 the contribution of the second term in
Eq. (8) vanishes, yielding for the emission rate
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which, apart from some constants, agrees with Eq. (26) in
Ref. [7] and with the expression obtained by using Fermi’s
golden rule [19].

For microcavities of arbitrary geometry U�t� is most
easily calculated by solving the TDME by means of an
FDTD method [14]. We employ an algorithm that, in the
absence of external currents, conserves the energy exactly
[14,18]. This property ensures that the time dependence of
U�t� is due to the presence of the source only. In our
numerical work, we use square simulation areas com-
pletely filled with the PhC and having boundaries that are
perfect reflecting conductors. We measure distances in
units of the wavelength � of light in vacuum. Time and
frequency are then expressed in units of �=c and c=�,
12040
respectively, where c denotes the velocity of light in vac-
uum. For PhCs with lattice constant a, f � !a=�2�c� is
the dimensionless frequency.

We study the emission properties of a point source
embedded in a 2D PhC. The PhC consists of a triangular
lattice of air holes drilled in a dielectric material with � �
13 and � � 1. We study two cases, the holes having a
diameter d � 0:80a and d � 0:96a, respectively. For ref-
erence, we use the MIT Photonic-Bands (MPB) package
[20] to compute the photonic band structure diagram for
the TM mode. The results are shown in Fig. 1. For d �
0:80a, no gap is observed. For d � 0:96a there is a gap
extending from f � 0:43 to f � 0:52.

To compute the emitted energy, we put a point source
with a current density specified by Eq. (5) at different
locations r0 near the center of the simulation area. The
locations are chosen such that the source is located at one
of the Ez points of the 2D Yee grid (TM mode). The emitted
energy U�t� is trivially obtained from the solution for the
EM fields, see Eq. (3). In order to have a reference value for
the emitted energy, we first computeU�t� for a point source
located in the middle of a square area completely filled
with air. In what follows, we refer to this setup as the empty
area. The result is shown in Fig. 2 (crosses). The slope of
the line through the data for t 
 20 gives a measure for the
emission rate (up to a scaling factor). For larger times the
data deviate from a straight line. This is due to reflections
at the boundaries of the simulation area. The solid symbols
in Fig. 2 denote the results for a point source embedded in
the PhC with d � 0:80a. We show three results for a source
emitting light with a frequency f � 0:30. If the source is
located in the center of a hole (solid squares) the emitted
energy is very small and almost constant as a function of
time. Hence, light emission is strongly suppressed and for
all practical purposes inhibited. If we move the source
away from the center of the hole, but so that it is still
located in the air region (solid triangles), light emission is
enhanced compared to the case for which the source was
placed in the center of the hole (solid squares), but strongly
suppressed compared to the empty area case (crosses).
Placing the source in a region with � � 13 leads to an
1-2
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FIG. 3. LRDOS for various source locations r0 in the PhC
with d � 0:80a. (a) r0 � �0; 0�; (b) r0 � a�0:20; 0:23�;
(c) r0 � a�
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FIG. 2. Emitted energy U as a function of time t for a point
source embedded in air (crosses) and for a point source located at
position r0 in a 2D triangular-lattice PhC. The inset shows the
triangular-lattice network with spacing a in real space. The
crosses indicate the source positions r0. Solid symbols: d �
0:80a, open symbols: d � 0:96a. Solid squares: r0 � �0; 0�, f �
0:30; solid triangles: r0 � a�0:20; 0:23�, f � 0:30; solid circles:
r0 � a�
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3
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=3; 0�, f � 0:30; solid diamonds: r0 � �0; 0�, f �

0:53; open squares: r0 � �0; 0�, f � 0:48; open circles: r0 �
a�
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=3; 0�, f � 0:48; open triangles: r0 � �0; 0�, f � 0:56.
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emission enhancement (solid circles) compared to the
empty area case. Changing the frequency to f � 0:53
and putting the source in the center of a hole also leads
to a suppression of the light emission (solid diamonds), but
not to an inhibition of the emission, as in the case of f �
0:3. From these results, it can be concluded that the emis-
sion rate strongly depends on the location of the source and
on the frequency of the emitted light: emission enhance-
ment as well as emission suppression can be observed.
Even if the PhC has no PBG, the emission of a point source
can be almost completely suppressed [2].

Figure 2 also shows the results of the energy emitted by a
point source embedded in the PhC with d � 0:96a, a PhC
having a PBG. For f � 0:48, a frequency inside the PBG,
and sources located in the center of a hole (open squares) or
in the dielectric material (open circles), light emission is
inhibited for all practical purposes. Note that the values for
U�t� for these two cases are comparable to the value ofU�t�
for the case of a source emitting light with a frequency f �
0:3 and located in the center of a hole in the PhC with d �
0:80a. Increasing the frequency of the light emitted by a
source, located at the center of a hole, to f � 0:56 (open
triangles) leads to a strong emission enhancement com-
pared to the empty area case.

We validate the conclusions based on the behavior of the
results for U�t� by computing the LRDOS. We use the
following procedure: we first set the EM fields at the point
r0 on the 2D Yee grid so that Ez�r0; t� � 1 and so that all
other (components of the) EM fields are zero at all other
points of the grid. We then solve the TDME and store the
12040
values of f�t� � ��r0�
�1hS0je

tHS0i. The (fast) Fourier
transform of f�t� then yields the LRDOS. By using an
unconditionally stable algorithm [14,18], we do not have
to solve the eigenvalue problem for H [21]. This is an
important advantage over methods that compute the
L(R)DOS by integrating the modulus of the electric field
in the FBZ. Not only does the diagonalization require a lot
of computer time, also all points of the entire FBZ should
be included in the calculation of the L(R)DOS [22]. As
pointed out in Ref. [22], this integral was often performed
incorrectly within an irreducible FBZ [23] by using a linear
tetrahedron method.

Figures 3 and 4 show the results for the LRDOS for the
same source positions as the ones used to obtain the results
depicted in Fig. 2. Figure 3 shows the LRDOS for sources
embedded the PhC with d � 0:80a. If the source is located
in the center of a hole [see Fig. 3(a)], then the LRDOS
shows a small gap around f � 0:30. In this frequency
range there are no EM modes. Hence, light with a fre-
quency f � 0:30 emitted by a source positioned in the
center of a hole cannot propagate into the PhC. Note,
however, that the PhC has no PBG and hence the DOS
has no gaps around f � 0:30. Increasing the frequency of
the source to, for example, f � 0:53 allows the light to
propagate through the system. Moving the source away
from the center of the hole, but in a way that it is still
located in the air region, results in an increase of the
density of states around f � 0:30 [see Fig. 3(b)].
Although the LRDOS is still rather small at f � 0:30, light
can now propagate into the PhC. From Fig. 3(c) it can be
seen that placing the source in a region with � � 13 leads
to a further increase of the LRDOS around f � 0:3.
Comparing the results of Fig. 2 with the results of Fig. 3
indicates that the number of modes at a given frequency
gives a rough quantitative measure of the emission rate.
Figure 4 depicts the LRDOS for the case d � 0:96a. For
frequencies inside the PBG, no modes are available, inde-
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pendent of the position of the source. Hence, for f � 0:48
emission is inhibited, as was also concluded from Fig. 2.
For f � 0:56, a frequency in a passband, no gaps in the
LRDOS are seen for source positions in a hole.

In summary, we have presented a simple, efficient pro-
cedure to extract the spontaneous-emission rate from short-
time FDTD data of the EM field energy in microcavities of
arbitrary geometry and demonstrated its validity by com-
parison with L(R)DOS calculations for PhCs.
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